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1 Introduction 

The principle of detailed balance is at the basis of equilibrium physics. The notion 
of detailed balance for open quantum systems (Alicki[2], Frigerio and Gorini 
Kossakowski, Frigerio, Gorini and Vcrri 10 , Alicki and Lendi [3]) when the evolution 
is described by a uniformly continuous Quantum Markov Semigroup (QMS) T with 
a faithful normal invariant state p, is formulated as a property of the generator C. 
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Indeed, for a system with associated separable Hilbert space h, this can be written 
in the Gorini Kossakowski Sudarshan Lindblad (GKSL) form 

£(x) = i[H, x] - i Y^^LlLkX - 2LlxLk + xLlLu) (1) 

k 

where H and Lk are operators on h that can always be chosen satisfying tv{pLk) = 
and the natural summability and minimality conditions (see Theorem|9|). The state 
p defines a scalar product {x,y) = ti{px*y) on the algebra B{h) of operators on h, 
and T admits a dual semigroup withjrespect to this scjilar product if thjjre exists 
another uniformly continuous QMS T (generated by £) such that tT{pTt{x)y) — 
tT{pxTt{y)). The QMS T satisfies the quantum detailed balance condition if the 
effective Hamiltonian H commutes with p and C — C — '2i[H, ■] i.e. the dissipative 
part Lq= L — •] of £ is self-adjoint. 

This generalizes the notion of detailed balance (reversibility) for a classical 
Markov semigroup which is called reversible when it is self-adjoint in the space 
of an invariant measure. It is worth noticing, however, that, in the commutative 
case, the adjoint (dual) of a Markov semigroup is always a Markov semigroup. 

The dual of a QMS T — {Tt)t>o with respect to the state p may not be a QMS 
because the adjoint % of the map Tt may not be positive or, even more, may not 
be a *-map i.e. Tt{a)* ^ Tt{a*). It is known (see e.g. Ref.fTO] Prop. 2.1) that 
7^ is a completely positive map if it commutes with the modular group (iTt)teR 
(0-4(0) — p^*ap~^*) associated with p. More recently, Majewski and StreaterpT] 
(Thm.6 p. 7985) showed that the Tt are (completely) positive whenever they are 
*-maps. 

The structure of the generator ([J) of a detailed balance QMS was studied in 
Ref. [2] and Ref. llOj under the additional assumption that it is a normal operator, 
i.e. C and C commute. 

In this paper, we solve the open problems of characterising in terms of the 
operators H, Lk in ^ dual semigroups T that are QMSs and when they satisfy 
the detailed balance condition without additional assumptions on the generator 
C. The main results of this paper, Theorems 1261 and I30[ describe the structure of 
generators of QMS whose dual is still a QMS and, among them, the structure of 
those satisfying the detailed balance condition. 

The dual semigroup is a QMS if and only if the maps Tt commute with the 
modular automorphism (Theorem [8]). When this happens we can find particular 
GKSL representations of £ as in (jT]), that we call privileged, with H commuting 
with p and the Lfc,L^'s eigenvalues of the modular automorphism (Definition [20]) 
i.e. pLkP^^ — XkLk- Moreover, the generator £ of the dual semigroup admits 
a privileged GKSL representation with H — —H — c (c is a real constant) and 

Lk = ^k^^^Ll (Theorem [111). 

Finally the quantum detailed balance condition C — C = ^ilK, ■] (for some self- 
adjoint operator K) holds if and only if H = K + c and there exists a unitary 
matrix {ukt)ki such that A^, = '^^UkiL^ (Theorem [30]) . 
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There are other choices of the scalar product on B(h) induced by p; we can 
define {a,b)s = tr{p^^^a* p'^b) for any s e [0,1]. The most studied case is the 
previous one with s = 0. The case s — 1/2, sometimes caUed symmetric, however, 
is also interesting (see Goldstein and Lindsay [S]). Indeed, as wrote Accardi and 
MoharifT] (p. 409), "it is worth characterizing the class of Markov semigroup such 
that Tt = Tt" in full generality also for the dual semigroup with respect to the 
"symmetric" scalar product (a, 6) — ti{p^^^a* p^^^b) (Petz's duality). Note that the 
"symmetric" dual semigroup is always a QMS. 

In Section [7] we solve this problem and the more general problem of character- 
ising QMSs satisfying the "symmetric" detailed balance condition L~ C — 2i[K, ■] 
{£' is the generator of the symmetric dual QMS). We show that the "symmetric" 
detailed balance is weaker than usual detailed balance (Proposition [35]) and estab- 
lish the relationships among the L^^s, the operator G — —2^^ J2k ^k^k — iH and 
p of symmetric detailed balance C (Theorem |40|). Examples [38l and [4T] show that, 
in the "symmetric" case, the effective Hamiltonian H may not commute with p. 

The paper is organised as follows. In Section [2] we outline the detailed balance 
condition for classical Markov semigroups. Then we explore several possible defi- 
nitions of the dual semigroup in Section [3] and study the generators of QMS whose 
dual is still a QMS in Section [4] In Section [5] we characterise generators of quan- 
tum detailed balance QMS. The special case of QMS on 2 x 2 matrices is analysed 
in Section [SI in this case it turns out that, if the dual semigroup is a QMS, then 
it satisfies the quantum detailed balance condition. Further examples of detailed 
balance QMSs, also with unbounded generators can be found in the literature and 
in Ref. [71. Finally, in Section[7l we study the symmetric detailed balance condition. 

2 Classical detailed balance 

Let {E,£,p) be a measure space with p, cr-finite and let T = {Tt)t>o be a weakly* 
continuous Markov semigroup of bounded positive linear maps on L°° (E,£, p). T is 
the dual semigroup of a strongly continuous contraction semigroup on the predual 
space L^{E,£,p) denoted T*. Suppose that T admits a T- invariant probability 
density tt (a norm one, non-negative, function in L^{E,£,p) such that T,t7r — for 
t > 0) vanishing only on an element of £ of measure 0. Then, it is well-known that 
the sesquilinear form 



defines a scalar product on L°°{E,£,p), that we denote by (•, and putting 



for each t > one defines the adjoint of the operator Tf with respect to this scalar 
product. Indeed, ng belongs to L^{E,£,p) and the T,-invariance of tt yields 




Ttig) 



(2) 



Ttig) <7T-'nt{n)\\9\ 
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so that Tt is a well defined bounded operator on L°°{E,£, Moreover, we have 
{Tti9)J)n = / ft{g)fTTd^= / 7r"^T,t(7r5)/7rd^ 

J E J E 

= I T^t^fdy.^ f {Trg)Tt{f)dii{x) = {g,Tt{f)). 

J E J E 

for every f,g ^ L°°{E,fi). Clearly the maps Tt are also positive, thus T = (Ti)t>o 
is a weakly* continuous semigroup of bounded positive maps on L°°{E, £, /i). 
Finally, the semigroup T is Markov since Tt(l) = 7r^^r*t(7r) = 1. 

Definition 1 We say that T satisfies classical detailed balance if every operator 
Tt is selfadjoint with respect to (•, •)7r, i.e. Tt = Tt. 

Therefore, T satisfies classical detailed balance if and only if 

Ttif) = n-'T,t{7Tf). (3) 

Remark 2 Detailed balance is equivalent to reversibility of classical Markov chains. 
Indeed, when i5 = { 1, . . . , d} is a finite (for simplicity) set, endowed with the dis- 
crete cr-algebra £ and the counting measure /i, with a Markov semigroup {Tt)t>o 
we can associate the transition rate matrix {qjk)i<j,k<d defined by 

Ijk = 1™*"^ (^tl{fc} - l{fe}) U) 

{^{k} denotes the indicator function of the set {fc}). Denoting {qjk)i<j.k<d the 
transition rate matrix associated with the Markov semigroup (Tt)t>o, it follows 
immediately from the definitions that is equivalent to the classical condition 
'^jtjk — '^klkj for all j,k E called reversibility. 

The same condition also arises in discrete time Markov chains. 



3 The quantum dual semigroup 

The definition of detail balance involves the dual semigroup with respect to the 
scalar product determined by the invariant state. When studying the non-commutative 
analogue two fundamental differences with the classical commutative case arise: 1) 
there are several possible dualities, 2) the dual semigroup might not be positive. In 
this section we analyze these problems. 

Let h be a complex separable Hilbert space and let T be a uniformly continuous 
QMS on B{h) generated by a bounded linear operator £. A faithful invariant state 
p for T can be written in the form 

P = ^Pk\ek){ek\: (4) 
fc>i 

where pk > for every fc, X]fc>i Pk = ^ and (efe)fc>i is an orthonormal basis of h. 
Therefore p is invertible but, when dim h = Hq, its inverse p^^ — X]fc>i Pk^ I ^k) {^k \ 
is a positive operator with dense domain p(h). 
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Definition 3 Let s e [0, 1] fixed. We say that T admits the s-dual semigroup with 
respect to p if there exists a uniformly continuous semigroup T — {Tt\t on B{\\) 
such that 

ir{p^-'ft{a)p'b) = irip'-'ap'Ttib)) (5) 
for all a, be 6(h), t > 0. 

When s — we shall abbreviate the name of T speaking of dual semigroup. 
We denote by 7lt cind T^t the predual maps of % and % respectively. 

We remark that for every s € [0, 1] the sesquihnear form 

(a, 6), := tr(pi-^aV^6) 
defines a scalar product on B{h): indeed 

(a, a), = tr((p^/2ap(i--)/2)*(^./2„^(i-.)/2)) > g 

and (a, a)s — imphes p^l'^ap^^"^'^!'^ ~ 0, i.e. a = because p is invertible. 

If 7^ is a *-map, then it is exactly the adjoint operator of ft with respect to the 

scalar product (•, 

In our framework, we will always suppose that T admits the s-dual semigroup. 

Proposition 4 For each t > and a e S(h) we have 

p^-'%{a)p' ^%t{p^-'ap'). (6) 

Moreover, the following properties hold: 

1. Tt(l) = 1; 

2. %t{p)=p; 

3. if Tt is positive, then it is also normal. 

Proof. The identity ([6]) is easily checked starting from ([5]) and using that 
iv{p^-'ap'Tt(b)) = U{%t{p^-'ap')b). 

Putting a = 1, we find then p'^~^Tt{l)p'^ = %t{p) = P by the invariance of p; this 
implies {%{!) - l)p'' = 0, i.e. 7^(1) = 1 for the density of p(h) in h. 
Taking b = 1 m ^ yields ti-{Tt{a)p) ~ tr(ap) for all a E B{h). This means in 
particular that the map a i-^ tr(7^(a)p) is weakly *-continuous, so p belongs to the 
domain of T:tt and Xtt (p) = P- 

To prove property 3 it is enough to show that, for every increasing net {xa)a of 
positive elements in B{W) with sup^ Xq = a; G B{\\), we have 

\im{u,Tt{xa)u) = {u,Tt{x)u) 
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for each u in a dense subspace of h. 

So, let u € p(h); then u — p^^^v — p^w for some v,w G h. Therefore, equation [S] 
imphes 

lim{u,Tt{xa)u) = lim{v, p^~''Tt{xa)p''w) =\im{v,%t{p^~''xaP^)w) 

a. a a. 

= {v,%t{p'-'xp')w) = {v,p^'''ft{x)p''w) = {u,ft(x)u), 
since %t is normal. (q.e.d.) 

It is clear from ([5]) that 

7^(a)-p-(i-^)T,t(pi-^ap«)p-« (7) 

on the dense subset p*(h) = p(h) of h, so that the 1/2-dual semigroup is completely 
positive and then it is a QMS thanks to Proposition |3l3. However, for s ^ 1/2, 
contrary to what happens in the commutative case, the maps Tt might not be 
positive. In this case T is not a QMS (see Example [^5]) . 

Remark 5 If h is finite-dimensional, then any uniformly continuous QMS T on 
B(h) admits the s-dual semigroup, since equation [7] defines a uniformly continuous 
semigroup of bounded operators on S(h) satisfing tr(p^~''7^(a)p*6) = tr{p^~^ap^Tt{b)). 

The relationships between the generators C, C, and of T, T, %, and Zj. 
respectively are easily deduced. 

Proposition 6 The semigroups T and T satisfy if and only if, for all a,b £ 
B{h), we have 

tr(pi-"£(a)p"6) = iv{p^-' ap' C{b)). (8) 
In this case, the following identity holds 

p'-^C{a)p^ =L.{p^-^ap% (9) 

Moreover, if T is a QMS, then 

p'C{a)p^-' =C,{p'ap^-'') (10) 

Proof. The identity ([8]) clearly follows differentiating ([5]) at t = 0. Conversely, the 
identity ([H]), implies that, for all n > we have 

iv{p^-'C''{a)p'b) = tv{p^-'L''-^{a)p'C{b)) = ... = tiip^-'ap' C\b)). 

Multiplying by t^/nl and summing on n, we obtain ([5]) because Tt — J2n>o ^"'^"/n! 

andri = E„>oi"^"/"!- 

Finally (O and (fTO|) follow from ([8]) by the same arguments leading to the iden- 
tity (O starting from ([5]). (q.e.d.) 
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We now characterise QMSs with s-dual for s = which is still a QMS. To this 
end, we start recalling some basic ingredient of Tomita-Takesaki theory. 

Let i^(h) be the space of Hilbert-Schmidt operators on h, with scalar product 
given by {x, y)HS = tr(x*?/). If we set ^ = p^/^ g ^.^(h) and TTp{a) : L'^{W) L'^{h) 
the left multiplication by a S B{Vt), then we obtain a representation of S(h) on i^(h) 
such that r2 is a cyclic and separating vector, and tr(pa) = (£7, TTp{a)Vl)HS for every 
a G B{\\). Under these hypothesis, identifying S(h) with iTp{B{\\)), the modular 
operator A (see section 2.5.2 of Ref.|5) is defined on the dense set B{h)p^^^ by 

whereas a calculation shows that the modular group {<Jt)t£m on B(h) is given by 

at{a) = p'^ap'^'-K 

We recall that an element a in B{h) is analytic for {<Tt)t if there exists a strip 

/a = e C I |3z|< A} 

and a function f : I\ ^ B{h) such that: 

1. /(t) = (Tt{a) for all < e M; 

2. /a 9 z ^ tr{rif{z)) is analytic for all 77 G i^(h) or, equivalently, /a 9 2 ^ 
{u, f{z)v) is analytic for all m, u G h. 

We denote by tt the set of all analytic elements for (cTf)*. 

It is a well known fact (Proposition 5 of 4J) that CLp^/'^ is a core for A and 
cr^(a) = p^ap-'"" G 6(h) for all a G tt and z G C. 

In particular, the modular automorphism a^i on y8(h) is defined by O-iia) — pap^^ 
for all a G fl and it satisfies the following property 

Lemma 7 Ifa^i{a) = aa, then we have a^i(a*) —a^^a* and a — tT{paa*)/tT{pa*a). 
In particular, every eigenvalue of a-i is strictly positive. 

Proof. Let a-i{a) ~ aa; then a ^ for a^i is invertible, and 

a_,(a*) = pa*p-^ = (crZUa))* = (a-^a)* = ~a*. 

But tr(paa*) = tr{pap~^ pa*) = ati{apa*) = atr{pa*a), so that we obtain a = 
tr(paa*)/tr(pa*a) positive. Therefore, a-i{a*) —a^^a*. (q.e.d.) 

We say that a linear bounded operator X on B{h) commute with for some 
z G C if X(cr^(a)) = a,{X{a)) for all a G tt. 

We can now show the following characterisation of QMSs whose 0-dual is still a 
semigroup of positive linear maps, i.e. a QMS, adapting an argument from Majewski 
and Streater[Tl] (proof of Theorem 6). 
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Theorem 8 The following conditions are equivalent: 

1. f is a QMS; 

2. any % commutes with a-i; 

3. C commutes with cr_i. 

// the above conditions hold, also the maps Tr, T„, Tr, Tlr and the generators C, 
£», C, commute with the homorphisms at for all t,r >0. 

Proof. (1) =^ (3) If T is a QMS, then, in particular, % satisfies Tr{a*) = %{a)* 
for all a G B{h); therefore, by ifTO]) with s = and the same formula taking the 
adjoint we have ^ ^ 

L{a)p — C^{ap) pC{a) = Ct.{pa), 

so that, replacing a by pap^^, 

C{pap^^) = C^{{pap^^)p)p^^ = pCr{a)p^^ 

for all a G (2. This means Co a^i ~ a-iO C in the previous sense. 

(3) (2) By induction we can show that and cr_i commute for every n > 0; 
then, also % commute with a-i, for Tt — exp(<£) = X]ti>o ^"'^"Z"'- 

(2) (1) Let us define a contraction semigroup (Ti.)r>o on i^(h) by 

f,(api/2)=r,(a)/,i/2 

for all a € B{h) and r > 0. Indeed, since %-{a*)%-{a) < Tr{a*a) by the 2-positivity 
of 7^, we have 

WTriap'^'rns = tr [p'/'TAa*)TAa)p'/') < tr [p'/'%{a*a)p'/') = ||apV2||2^^ 

by the invariance of p and the semigroup property follows from a straightforward 
algebraic computation. Condition (2) implies then 

f;(Aapi/2) = fripap-^p'/^) = Tr{pap-^)p'/^ = pTr{a)p-^ p^^^ 

for all a G tt, i.e. any map IV commutes with A {CLp^/'^ is a core for A). Therefore, 
by spectral calculus, Tr also commutes with A'* for all t G M. It follows that % 
commutes with at for all t > 0. Thus 

XT{at{%r{b))a) = tT{%r{b)a-tia)) = tT{bTr{a-t{a))) 
= tiiba-t{Tria))) = tr{at{b)%{a)) 
= tT{%r{at{b))a) 

for all a, b, i.e. also %,r commutes with at- Then, for all r > and i G M, we get 

p''%r{b)p-'' = at{T„{b)) = T„{at{b)) = %r{p''bp~''). (11) 
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We want to show that this equation holds for b — p^^^ap^^^ and for certain complex 
t. Since the maps 

are analytic on 5z < and 3z > respectively, and the operator 

is trace class into the strip 1/2 < s < 1/2, both sides of equation (|lip have an 
analytic continuation into this strip, so that p^^%:r{b)p~^^ — %,r{p^^bp^^^) holds 
for all complex z with |S5z|< 1/2 and b = p^^'^ap^^'^. Taking z = we get 

pi/2r,,(pV2„^i/2)^-i/2 ^ T„ip'/'p'/^ap'/'p-'/') = %ripa) = p%{a). (12) 
Hence 

%{a)^p-'/'T„{p'/'ap'/')p-'/', 

therefore any operator %. is completely positive and T is a QMS. 

The above arguments also prove the claimed commutation of semigroups, their 
generators and the homomorphisms at- (q.e.d.) 



4 The generator of the dual semigroup 

Suppose now that the dual semigroup T (for s = 0) is a QMS with generator C. In 
this section we find the relationship between the operators H, Lk and G, Lk which 
appear in the Lindblad representation of C and C. 

To this end, we start recalling the following result from Parthasarathv[12j (Th. 
30.16) on the representation of the generator of a uniformly continuous QMS in a 
special form of GKLS (Gorini, Kossakowski, Sudarshan, Lindblad) type. 

Theorem 9 Let C be the generator of a uniformly continuous QMS on B(h) and 
let p be any normal state on B{h). Then there exist a bounded selfadjoint operator 
H and a sequence {Lk)k>i of elements in B(h) such that: 

1. tr^pLk) — for each k > I, 

2. J2k>i ^k^k is strongly convergent, 

'''fJ2k>o l^kl"^ < °° ^""^ "^0 + J2k>i (^'kLk = for scalars {ck)k>o then Ck = 
for every k > 0, 

4. C{a) = i[H,a] ~ i J2k>i i^k^ka - 2LlaLk + aLlLk) for all a G 6(h). 

Moreover, if H' ,{L'j^)k>i is another family of bounded operators m yB(h) with H' 
selfadjoint, then it satisfies conditions (l)-(4) if and only if the lengths of sequences 
{Lk)k>i,{L'k)k>i are equal and 

H' = H + a, L'k = ^UkjLj 

3 

for some scalar a and a unitary matrix {ukj)kj- 
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In our framework p will always be a faithful normal T-invariant state. 
We now introduce a terminology in order to distinguish GKSL representations 
with properties (1) and (3) in Theorem [S] from standard GKSL representations. 

Definition 10 We call special GKSL representation with respect to a state p 
by means of the operators H,Lk any representation of C satisfying conditions 
(1 ),..., (4) ofTheoremlB 

Remark 11 Condition 3 of Theorem [5] means that {1, Li, L2, . . .} is a set of lin- 
early independent elements of B{h). If dimh — d, then the length of {Lk)k>i in a 
special GKSL representation of C is at most d^ — 1. 

We recall that we can also write C as 

£(a) = G*a + aG + ^ LlaLk, 

k 

where G is the bounded operator on h defined by 

G^~iH-\Y.LIL^- (13) 
fc 

Remark 12 The last statement of Theorem [5] implies that, in a special GKSL 
representation of £, the above operator G is unique up to a purely imaginary 
multiple of the identity operator. Indeed the operator G" defined as in (fT3|) replacing 
H,Lk by H',L'f. satisfies 

G' = -iH -ia-^ ^ Uk]UkmL*L,n 

k.j,m 

= -iH - »a - ^ I UkjUkni I L*Lm 

j,m \ k / 

= —iH — ia — - L*Lj — G — ia 
3 

because the matrix {ukj)kj is unitary. 

Let k be a Hilbert space with Hilbcrtian dimension equal to the length of the 
sequence {Lk)k and let (fk) be an orthonormal basis of k. Defining a linear bounded 
operator L : h ^ h (g) k by Lu = J2k ® fk, Theorem |9] takes the following form 
(Theorem 30.12 Ref.,12 ) 

Theorem 13 If C is the generator of a uniformly continuous QMS on B{h), then 
there exist an Hilbert space k, a bounded linear operator L : h ^ h(g)k and a bounded 
selfadjoint operator H in h satisfying the following: 
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1. C{x) = i[H,x\ - i {L*Lx-2L*{x®\)L + xL*L) for all x e 6(h); 

2. the set {{x ® \)Lu : x E B{h), u E h} is total m h (g) k. 

Proof. Letting Lu — L]^u® /j., where (/fc) is an orthonormal basis of k and the 
Lfc are as in Theorem [HI a simple calculation shows that condition (1) is fulfilled. 

Suppose that there exists a non-zero vector ^ e {{x®\)Lu : x e S(h), u € h}-*-; 
then £^ = "^^vk® fk with Vk € h and 

= (C, {x ® \)Lu) = ^{vk,xLku) = ^{Llx*Vk, ' 



A: A; 



for all X E B{h), u E h. Hence, Ll.x*Vk = 0. Since ^ 7^ 0, we can suppose 
||wi|| = 1; then, putting p = |ui)(?;i| and x =py*, y E B(h), we get 

^ Llyvi +Y,{n,Vk)Llyvi = (lI + Y,{vi,Vk)Ll]yvi. (14) 

k>2 ^ k>2 

Since y E i5(h) is arbitrary, equation ([T^ contradicts the linear independence of 
the Lfc's. Therefore the set in (2) must be total. (q.e.d.) 

We now study the generator C of QMS T whose dual T is a QMS. As a first 
step we find an explicit form for the operator G defined by (jl3p . 

Proposition 14 If C{a) = G*a + aG + '^j L*aLj is a special GKSL representation 
of C and p is the T -invariant state tht 



'len 



G*u - ^pfc/:(h)(efc|)efc-tr(pG)u (15) 

A;>1 

Gv = ^pfcA(|v)(efc|)efc-tr(pG*)i; (16) 



k>l 

for every u,v E h. 

Proof. Since C{\u){v\) = \G*u){v\ + \u){Gv\ \L*u){L*v\, letting u = efc we 

have G*u~ \G*u){ek\ek and 

G*u = C{\u){ek\)ek - ^{ck, Ljek)L*u - {ek,Gek)u. 
3 

Multiplying both sides by pk and summing on fc, we find then 

G*u = ^^pkC{\u){ek\)ek-^^Pk{ek,Ljek)L*u-^^Pk{ek,Gek)u 

k>l j,k k>l 

= ^ PkC{\u){ek \)ek - y^^tr{pLj)L*u - tr{pG)u 



k>l 



and (fT5|) follows since ti{pLj) = 0. Computing the adjoint of G we find immediately 
(HH). (q.e.d.) 
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Proposition 15 Let T be the s-dual of a QMS T with generator C. I£G and G 
are the operators hl6\) in some special GKSL representations of C and C then 

Gp' = p'G* + (tr(pG) - tr(pG*)) p\ (17) 

Moreover, we have tr(pG) — tr(/3G*) = icp for some Cp € K. 

Proof. The identities HH) and © yield 

Gp^ = 5]£,(p^ |«)(pi-^efc|)p^efe-tr(pG*)p^t; 
fc>i 

k>l 

= 5]p^/:(|z;)(e,|)pi-Vefc-tr(pG*)p^« 

k>l 

= p'G^' + (tr(pG) - tr(pG*)) p'v. 

Therefore, we obtain 

Right muhiplying equation ^ by p^^" we have Gp p^G* p^-''+(tiipG) - tr(pG*) 
so that taking the trace, 

tr(pG) - tr(pG*) = tr(G/9) - tr(p"G>^"') 

= tr(Gp) - tr(G» = - (tr(pG) - tr(pG*)) ; 

this proves that tr{pG) — tr(pG*) — iCp for some real constant Cp. (q.e.d.) 
Proposition 16 Let T be the Q-dual of a QMS T and let 

C{a) = G*a + ^ L*aLj + aG, C{a) = G*a + ^ L*aLj + aG 

3 3 

be special GKSL representations of C and C. Then: 

1. G^G* +ic with c e M, 

2. both G and G commute with p, 

3. X^fc-^fc-^fc' Sfc-^fc-^fcj ^ '^'^'^ ^ commute with p. 

Proof. (1) It follows by Proposition [15] for s = and Theorem [9l Remark [T2l 
Indeed, in any special GKSL representations of C and £, G and G are unique up 
to a purely imaginary multiple of the identity operator. 
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(2) Let G and G be the operators (fT6|) and in the given special GKSL repre- 
sentations of C and C. Since C^,{pa) = pC{a) holds (for T is a QMS), we have 

n 

Gpv = pkC^{p\v){pek\)ek - tr{pG*)p 

k=l 

n 

= y^^pkpC{\v){ek\)ek - iT:{pG*)pv 

k=l 

= p{G*v + tr{pG)v)-lY{pG*)pv 

for every w G h, that is Gp = pG* + icpp. But G and G are the operators p6|) . 
therefore by (1) we have also Gp = G*/? + icpp, and so G* p = pG*. This, together 
with Remark [T^ clearly implies (2). 

(3) Follows from (2) by decomposing G and G into their self-adjoint and anti 
self-adjoint parts. (q.e.d.) 

We now study the properties of the Lk when T is a QMS. 

Lemma 17 With the notations of Theorem ] 1 SI if h is finite- dimensional then the 
equation 

^LlaLk = Y^p-^Llpap-^LkP V a G S(h) (18) 

k k 

implies pLkP~^ = \kLk and pL*f^p^^ = X^^L'^ for some positive Xk- 

Proof. Define two linear maps Xi , X2 on h (g) k by 

Xi{x(E)\)Lu = (a; (g) lk)(/9«) lk)ip~^u 
X2{x(g)lw)Lu = {x (g)\){p^^ (g)\)Lpu 

for all X E B{h) and u E h. 

We postpone to Lemma [TSl the proof that Xi and X2 are well defined on the 
total (Theorem [T3I) set {{x^lk)Lu \ x G B{h), u E h} in h (g) k. We can now extend 
Xi and X2 to a bounded operator on h (g) k. Moreover, ((2T|) implies 

{Xi{x®\)Lu,X2{y(g)tk)Lv) = ^{u, p-'^Llpx*yp-'^Lkpv) 

k 

= ^{u,Llx*yLkv) 

k 

= {{x®\)Lu,{y®\)Lv) 

for all x,y E B{\\) and m € h. As a consequence we have XIX2 = lh®k- 

By the definition of Xi, X2 we have also Xj{y ® tk) = [y ® ^k)Xj for j = 1, 2. 
Therefore Xj can be written in the form Ih (g Yj for some invertible bounded map 
Yj on k satisfying Y*Y2 = lk. 
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The definition of Xi , X2 implies tlien 

{\(g>Y,)L^{p(g>\)Lp-\ {\(g>Y{y'L=ip-'(g>\)Lp, (19) 

right multiplying by p and left multiplying by (p (8" Ik) the first and the second 
identity we find 

(lh®Yi)Lp= (p®lk)i, {lu®Y*y'^{p(g,%)L = Lp. 

Writing the second as {p (g) Ik)^ = {\ ^ ^i*) Lp wc obtain 

{\(g)Yi)Lp={p(g)\)L^{\(E)Y*)Lp. 

Since p is faithful, it follows that (If, (g) Yi)L = {\ (g) Y{) L (and also (If, (g Yi){x (g 
lk)i = (Ih (g ^1*) (ic (g lk)i for all x) proving that Yi is self-adjoint. 

Therefore, there exist non-zero G R and a unitary operator [/ on k such that 
Yi = U*DU with D = diag(Ai, A2, . . .)• The identities ^ yield then 

{\®DU)L = {lu^U){p(gilk)Lp-^ = {p®h){lu®U)Lp-^ 
{\(giD-^U)L = (lh(gt/)(/9^^(glk)£/9= (/9~^(glk)(lh(gC/)ip 

Thus, putting L' — UL, or, more precisely L'^, = UkiLe for all fc, we have 

pifcP"^ = Afeife and p-^L'^p = AjT^L'fc 

for every k. To conclude the proof it suffices to recall that A^ > by Lemma [71 
since the above identities mean that Aj, is an eigenvalue of (T_i. (q.e.d.) 

We now check that the maps Xi , X2 introduced in the proof of Lemma [T7| are 
well defined. 

Lemma 18 With the notations of Lemma \n\ if h is finite- dimensional and equa- 
tion (| holds, then 

m 

^(xj g) lk)Luj = (20) 

for xi, . . . , Xm G B{h), Ml, ... , Um G h implies: 

1- ET=i(^i ® lk){p^\)Lp-^Uj = 0; 

2- ET=ii^i lk)(P~' tk)LpUj = 0. 

Proof. Suppose that (pOI holds. Taking the adjoint of (pi]) we find 

^pLlp^^apLkP^^ ^^LlaLk 

k k 
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for every a G B{h) and compute 

m 

= ^^{v,Lly*XjLkUj) = ((y «) lk)if,^(a;j «) tk)Luj) = 
j=i fc j=i 

for all y g 6(h) and v e h. But the set 5" = {{yp^^ tk)Lpv \ y e 6(h), v e h} 
is total in h (g) k, because {{y (g) Ik)^^^ | y G '8(h), u e h} is total (Theorem [T51) 
and the maps y i-^ yp^^, v i-^ pv are bijective. This proves (1). The proof of (2) is 
similar and we omit it. (q.e.d.) 

Proposition 19 Suppose that C and a^i commute. Then there exists a special 
GKSL representation of C in which, for all k, we have 

pLk = XkLkP, pLl = ^k^Llp, Afc > 0. 

Proof. Define p„ := X]fc<n I ^k){ek | for n > and consider u,w e h, a e 6(h); 
since the map 

z ^ {u.p^pnapnP''^'') = ^ p'kP~^''''{u,ek){ek,aeh){eh,v) 

k,h<~n 

is analytic on C, then 6 := PndPn belongs to Q, for all n > 0. As a consequence, 
since L and a-i commute, we have L(h) — p^^C{pbp^^)p, so that 



[H, b]-^Y. (L^Lkb - 2LlbLk + bLlLk) = p''[H, pbp-']p 

k 

i ^ {p-'L*kLkpb - 2p-'Llpbp-^LkP + bp-^LlLkp) 



2 

k 

Both H and L*Lk commute with p by Proposition [TBI (3). We have then 

L*kPnapnLk = ^ p^^ L*kppnapnp^^ LkP, (21) 
k k 

and so 

'^PnLlpnapnLkPn = '^^PnP~^ L*^ pPn aPn p~^ LkPPn 

k k 

for all a G 6(h), n > 0, right and left multiplying (|2T|) by p„. Remembering 
that p„/5"^ = p^^Pn on /9(h) and setting := p„LkPn, P{n) ■= PPn, the above 

equality gives 



'^P{n)^ln)kP{n)bp^^-^L,^r.)kP(n) - ^Ll„)kbL 



{n)k 
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for all b G B{pn{h)). 

But /9(„) is faithful on the finite-dimensional Hilbert space Pn(h) and {(x (g) 
lk)i(„)W I X £ B{pn{h)), u e Pn(h)} is total in p„(h) (g) k, therefore Lemma [T71 
assures that 

for some Afc^„ > 0, i.e. 

PPnLkPn = \k,nPnLkPPn, PPnLlPn = A^JjP„L^pp„. (22) 

Since {pn)n is an increasing sequence of projections, this implies Xk,n — ^k for 
n » 0, and then, letting n — > oo in equation (|22p . we obtain 

for {pn)n converges to 1 in the strong operator topology. (q.e.d.) 

Definition 20 Let C be the generator of a QMS and let p be a faithful normal state. 
A special GKSL representation of C with respect to p by means of operators H , Lk 
is called privileged if their operators Lk satisfy pLk = \kLkP and pL^, = L*f,p 
for some Afc > and LI commutes with p. 

Remark 21 The operator L^Lk (the self-adjoint part of G) in a privileged 
GKSL representation clearly commutes with p. Moreover, the constants \k are 
determined by the eigenvalues of p. Indeed, writing p as in (|4]), the identity pLk = 
XkLkP yields 

Pj{ej,Lke„i) = {ej,pLke,n) = Xk{ej, Lkpe,n) = >^kPm{ej,Lke,n)- 

Therefore Afc — PjP^ for all j, to such that {ej^LkCm) 7^ 0. In particular, if we 
write p — e~^^ for some bounded selfadjoint operator Lis — J2i \ on h, we 

find Afc = e*^"" . 

Proposition 22 Given two privileged GKSL of C with respect to the same state 
p by means of operators LI,Lk and LI'^L'^^, with D = diag(Ai, A2, . . .) and D' = 
diag(A']^, A2, . . there exists a unitary operator V on k and a € M. such that 

H'^H + a, L' ^ {lu(g)V)L, D'^VDV*. 

Proof. By Theorem [9] there exist a e M and a unitary 1/ on k such that LI' — 11 + a 
and L' — {\ (g) V)L. Since both families LI,Lk and LI',L'f, give privileged GKSL 
representations with respect to the same state p, we have 

(p ® \)L = (Ih ® D)Lp, {p (g, \)L' = {\ (g D')L'p. 

Left multiplying the first identity by (Ih (g V) and replacing L' by VL in the second 
we find 

{p ® lk)(lh (g V)L = (Ih (g) VD)Lp, [p ® \){\ ® V)L = (Ih ® D'V)Lp 
It follows that VD = D'V, i.e. D' = VDV*. (q.e.d.) 
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Remark 23 The identity D' = VDV* means that V is a. change of coordinates 
that transforms D into another diagonal matrix; in particular, if 13 = diag{\i, A2, . . .) 
and D' = diag{X'i, Aj, . . .)i we have 

A:(/.,y/,) = A,(/„^/,). 

Since ^ is a unitary operator this implies that, when the Afe are all different, for 
every i there exists a unique j such that {ft, V fj) ^ and for every j there exists 
a unique i such that {fi, V fj) ^ 0. Thus 

=e''"">/aO-) and L',. = e'^""')L,(,) 

with dad) G I]^ and a a permutation. Therefore, when the Afc are all different, 
privileged GKSL representations of C, if exist, are unique up to a permutation of 
the operators Lfe, a multiplication of each Lk by a phase e'^*" and a constant a in 
the Hamiltonian H . 

If some Afc's are equal, then also unitary transformations of subspaces of k associated 
with the same A^'s are allowed. 

The results of this section are summarized by the following 

Theorem 24 The 0-dual semigroup T of a QMS T generated by C with faithful 
normal invariant state p is a QMS if and only there exists a privileged GKSL 
representation of C with respect to p. 

Proof. If T is a QMS, then C commutes with (T_j by Theorem[H]and so there exists 
a special GKSL representation of C by Propositions [11] and [TBI 

The converse is trivial. (q.e.d.) 

We now exhibit an example of semigroup whose dual is not a QMS. 
Example 25 Consider the semigroup T on M2(C) generated by 

n p^ _ 

^{^) = l^V'iio] —{a^a a — 2a^aa +aa^(j ), 

where /z>0, fisM, Ot^O and Ufc are the Pauli matrices and cr^ = cti ± 10-2 are 
the raising and lowering operator. 

A straightforward computation shows the state 

is invariant and faithful. The generator C can be written in a special GKSL form 
(with respect to the invariant state p) with 

-Li = pa tr po" 1 = pa + i — , „^ 7- , H = \ 1 — 7 cri . 

^ ^ 2 ' ^ 2 (2172 + ^^4) ' V 2 2172 + ^4^ 1 

The dual semigroup T of T is not a QMS because H does not commute with p. 
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We now establish the relationship between the privileged GKSL representations of 
a generator L and its 0-dual L. 

Theorem 26 If T is a QMS, then, for every privileged GKSL representation of 
L, by means of operators H,Lk, there exists a privileged GKSL representation of 
C, by means of operators H , Lk such that: 

1. H = —H — a for some a G K; 

— 1/2 

2. Lfe = Aj. L*f, for some > 0. 

Proof. Consider a privileged GKSL representation of C 

C{a) = i[H, a]-\^ {LlLua - 2LlaLk + aLlL^) , 
fe>i 

with Hp = pH and pL^p^^ = XkLk, pL'^p~^ = X^^L^ for some Afe > 0. 
Since p£{a) = £^{pa), we have 

pjC{a) = -i[H, pa]-^J2 iP^^^l^k - ^LkpaLl + LlLkpa) 

k 

= -ip[H, a]-^Yl [po-^lLk - IXl^pLkaLl + LlLkpa) . 

k 

But p is T-invariant and commutes with H thus Ylik P-^l^k = J2k ^k^kP = 
Efe LkpLl = J2k K^pLkLl- It follows that L%Lk = Efe K^^uLl and 

pC{a) = p l-i[H, a]-^Yl i^K^^kLl - 2X^'LkaLl + X^'LkLla) 

\ k 

Therefore, putting H = -H - a {a G R) and Zfe = X^^^^Ll, we find a GKSL 
representation of £. _ _ 

Since [H,p] = 0, tv{pLk) = for every k and {1, ife | fc > 1} is clearly a set 
of linearly independent elements, we found a special GKSL representation of C by 
means of the operators H,Lk. Moreover, we have 

pLk = Xl^''^pLl = A^^/^A^^LfeP = X^^LkP 

and, in the same way pLlp~^ = A^^i^. Therefore we found a privileged GKSL 
representation of C by means of the operators H, Lk- (q.e.d.) 

5 Quantum detailed balance 

In this section we characterise the generator of a uniformly continuous QMS satis- 
fying the quantum detailed balance condition. 
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Definition 27 A QMS T on B{h) satisfies the quantum s-detailed balance condi- 
tion (s-DJi ) with respect to a normal faithful invariant state p, if its generator C 
and the generator C of the s-dual semigroup T satisfy 

C{a) - C{a) ^2i[K,a] (23) 

with a bounded self-adjoint operator K on h for all a G I3{h). 

This definition generalises the concept of classical detailed balance discussed in 
Section [21 Indeed, a classical Markov semigroup T satisfies the classical detailed 
balance condition if and only if T = T, i.e. the generators A and A coincide. 

Lemma 28 // T satisfies the quantum s-detailed balance condition then T is a 
QMS and the self-adjoint operator K in \2S\] commutes with p. 

Proof. The identity ([^5]) implies that C is conditionally completely positive. There- 
fore T is a QMS. Moreover, recalling that p is an invariant state for both T and T 
by Proposition 01 for any a G B{h), we have then 

= tr {p{C{a) - £(a))) = 2itv{p[K, a]) = 2itv{[p, K]a), 

i.e. [K,p] = 0. This completes the proof. (q.e.d.) 

Notice [K, p] = and equation imply that the linear operator C = C ~ 
i[K, ■] is self-adjoint with respect to the scalar product (•, ■)() on B{h). 
Throughout this section we consider the duality with s = 0. 

Proposition 29 Given a special GKSL representation of the generator C of a QMS 
T by means of operators H, Lk ■ Define 

Co{a) = - 2 X! i^lLka - 2LlaLk + aLlLk) ■ 

k 

The QMS T satisfies the quantum 0-detailed balance condition if and only if C — 
Co + i[H, ■] with Co = Co and [H, p] = 0. 

Proof. Clearly, if £ £0 + i[H,-] with £0 = -Co and [H,p] = 0, the QMS T 
satisfies the 0-DB. Indeed, if £0 is self-adjoint and H commutes with p, we have 
C^ Co-i[H,-]. Therefore £(a) - £(a) = 2i[H, a]. 

Conversely, if T satisfies the 0-DB condition can find a privileged GKSL of £ by 
means of operators K, M/. by Theorem [211 Note that K commutes with p because 
it is the Hamiltonian in a privileged GKSL representation. On the other hand, the 
Hamiltonian if in a special GKSL representation is unique up to a scalar multiple 
of the identity by Theorem [9l therefore we can take H = K and we know that: 1) 
H commutes with p, 2) the operators Lk and Mk define the same map £0. 
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It follows that £ = £o + i[H, ■] and then C = Cq — i[H, ■]. Moreover, T satisfies 
the 0-DB condition so that C = C. It follows that £q = Cq. (q.e.d.) 

We can now characterise generators £ of QMS satisfying the 0-DB condition. 

Theorem 30 A QMS T satisfies the 0-detailed balance condition C — C = 2i[K, ■] 
if and only if there exists a privileged GKSL representation of C, by means of 
operators H,Lk, such that: 

1. H = K + c for some c g R, 

2. Xf. ^^^i^ = J2j ^kjLj for some Xk > and some unitary operator {ukj)kj on 
k. 

In particular both H and L'^Lk commute with p. 

Proof. If T satisfies the 0-DB condition its generator £ and the generator C of the 
dual QMS satisfy C{a) ~ i[K, a] — C{a) + i[K, a]. Let H, be the operators in a 
privileged GKSL representation of C. By Theorem the operators H = —H — c 

— —1/2 ... . — 

and Lk — Xf, L*^ give us a privileged GKSL representation of C 

— 1/2 

It follows that the operators H — K, Lk and —H + K — c^X^. arise in a 

special GKSL representation of £(•) — i[H, ■]. Therefore, by Theorem[51 H — K ^ 

+ K — c' leading us to ([T]) and there exists a unitary operator {ukj)kj on k such 
that (HI) holds. 

Conversely if conditions ([T]) and ([2]) hold, writing C{a) = Co{a) + i[H,a], a 
straightforward computation shows that tr(p£(a)6) = tT{paC{b)) with C{a) = 
£o{a) — i[H,a]. We have then £(a) — £(a) = 2i[H,a] and the 0-DB condition 
holds with K = H. (q.e.d.) 

Remark 31 The proof also shows that we can replace "there exists a privileged 
GKSL ..." by "for every privileged GKSL ... " in Theorem [Ml 

We conclude this section by showing an example of a QMS T whose s-dual 
semigroup T is still a QMS but does not satisfy the s-detailed balance condition. 

Example 32 We consider h = ^■^(Z„,C), n > 3, with the orthonormal basis 
(ej)j=i^...^„, and define 

£(a) = S*aS — a, 

where S is the unitary shift operator on ^^(Z„), Sej — ej+i (sum modulo n). 

The QMS T generated by C admits p = n^^l as a faithful invariant state 
because £*(!) = SS* — 1 = 0. A straightforward computation shows that the dual 
semigroup T is the QMS generated by the linear map C defined by C{a) = SaS* — a. 

We now check that T does not satisfy the 0-detailed balance condition. 

Letting iJ = and ii = S* we find a privileged GKSL representation of C. 
Suppose that T satisfies the 0-detailed balance condition. Then, by Theorem [51] 
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C — C because if is a multiple of the identity operator. This identity, however, 
is not true since 

C{\e,){e2\) - £(|e2)(e2|) = |ei)(ei| - |e3)(e3| ^ 0. 

Note that the condition n > 3 is necessary. Indeed, for n = 2, we can easily check 
that C = C and the s-detailed balance condition holds for all s £ [0, 1]. 

6 Quantum Markov semigroups on M2(C) 

In this section we study in detail the case h = and B{h) — M2(C). We establish 
the general form of the generator of a QMS T whose 0-dual T is a QMS and show 
that, in this case, T satisfies the 0-detailed balance condition. 

This can be viewed as a non-commutative counterpart of a well-known fact: 
any 2-state classical Markov chain satisfies the classical detailed balance condition. 

We consider, as usual, the basis {ctq, ci, (T2, 0-3} of M2{C), where 



(To = 1, 0-1 = 




are the Pauli matrices. Any state on M2(C) has the form 

1 / 

- ((To + UlO-l + U2(T2 + U3C73) 

for some vector U2, M3), in the unit ball of R'^. This state is faithful if the vector 
{ui,U2,u^) belongs to the interior of the unit ball, i.e. + u\ + w§ < 1. After a 
suitable change of coordinates then we can write a faithful state as 

P=(o ,^)=i(.o + (2.-l)(T3) 

for some < < 1. 

We can now characterise special GKSL representations of the generator £ of a 
QMS on M2(C) in the following way 

Lemma 33 If = X]j=o -^fei^i 'with Zkj E C, fc e C N, then 

C{a) = i[H, a]-^Yl i^l^ka - 2LlaLk + aLlU) 
kej 

is a special GKSL representation of C with respect to p if and only if 

1. Lk = -{2u - l)zfc3l + ^kjCTj for all k <E J, 

2. card{J) < 3 and {zk : k £ J'} (with Zk — (zki, Zk2, Zk^) ) is a set of linearly 
independent vectors in . 
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Proof. A simple calculation shows that tr(pLk) = 2{zko + {2v — l)zk7i) thus, the 
condition tr(pLfe) = is equivalent to Zko = ~{2v — 1)2^3. 

Finally, {1, Lfc : fc G J} is a set of linearly independent elements in M2(C) if 
and only if the vectors of coefficients w.r.t. the Pauli matrices 

{(1, 0, 0, 0), {-{2v - l)zfe3, zfci, Zfc2, ^fcs) -kej} 

are linearly independent in C*; this is clearly equivalent to have card(J') < 3 and 
{zk k e J} linearly independent on C^, zt ■= {zki, Zk2, Zka)- (q.e.d.) 

Theorem 34 Suppose v ^ 1/2 (i.e. p ^ 1/2J and p invariant ] or T . Then T is a 
QMS if and only if the special Lindblad representation of C has the form 

C{a) = i[H,a]-'^-^{L^a-2LaL + aL^) (24) 
IAP \p\^ 

where 

H = voao + V3a3 = (vo + V3)a~^a~ + {vq - V3)a~a^, 
L = -(2i^-l)l + CT3 = (l-!y)cr+- w", 

(7+ = (Ti + i(72, o"^ = o"! ^ vq, Wi G R and A, /i, 77 G C satisfy 

|A|V|mP = ^/(1-z.). (26) 

Proof. Consider a special GKSL representation 

C{a) = i[H,a]-^J2 ^^*kLka - 2LlaLk + aLlLk) 
of C with respect to p, where J C {1, 2, 3}, H = X]?=o '^j'^i ^"^"^ 



2(1 - j/)zfc3 {zki - izk2) 
{zki+izk2) -2vzk?, 



Lk = -{2v-l)l + ^Zkjaj -- 
i=i 

{zfc ; fc G J} linearly independent (Lemma 
We must find Vj and Zkj such that: 

1. =0; 

2. pLkP^^ = Afcifc and pLlp^^ = XkLl for some Xk > 0; 

3. p is T-invariant. 
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(1) Clearly H commutes with p if and only if vi — V2 = 0, i.e. 

H = Vol + V3(73 = {vq + V3)(7^a^ + (vq - V3)a^a^. 

(2) Fix k ^ J . One can easily check that 

pLkP =1-^/ , • ^ o 

V —;^\^kl+^Zk2) -2iyzk3 ) 

and, since v ^ 1/2, the identity pL^p^^ = \kLk holds if and only if either 

= 1 r 2fc3 = 

Zki - izk2 = or < (j^ - Afe j (zfci - izk2) = (27) 

Zkl+lZk2^0, [ (l^„Afe)(zfei+iZfe2)=0, 

In the first case, we get Lk = Zks (— (2j^ — 1)1 + (Ts) = Zks ((1 — i^)cr+ — i^a^); since 
{Lfc : k G J'} is a set of linearly independent elements in M2{C), this means that 
there exists an unique ko € such that Afc^ = 1. We can suppose fco = 3. 
Therefore, for k — 1,2, conditions (P7|) are equivalent to 





that is 



or 



Lk ^ { n ^n''^ ) = -~izk2<J^ and Afe 



; ~ " 1-z/' 



Lfe = =«Zfe.2cr and Afe 



«2fe2 



so that we have Li = ~izi2U^ = and L2 — iz22(y^ = fJ-o'^ , with Ai = i>/{l~iy) 
and A2 = ■ 

Moreover, with this choice of £1,^2 and L3, the equalities pL^p^^ = A^^L^ 
are automatically satisfied. 

(3) Since H, and p commute, p is T-invariant if and only if 



that is 



= i^(L^Lfep-2LfepL*. + pL*Lfe) 

k=l 
1 ^ 

= - ^ (L^Lfcp - 2LkipLlp-')p + {pLlp-^){pLkp-')p) 

k=l 

2 

= Y.{LlL^P-K'LkLl), 

\\W_\Z,2? ^ V 

ImP \z22Y 



fc=l 
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This concludes the proof. 

Theorem 35 Suppose v ^ 1/2. 

If T is a QMS, then T satisfies detailed balance. 



Proof. By Theorem 




there exists a privileged GKSL representation of 
1 



Therefore, 



I 

V 



and 



Ai 

A2 

Aa — At 



and 



1-1/ 



'i-'^-Aa- 







( 'nM 




V 












V 










V A 



is unitary thanks to ([28]) . 



(q.e.d.) 

/! with 
(28) 




(29) 



(q.e.d.) 



7 The symmetric dual semigroup and detailed bal- 
ance condition 

We now study the s-dual semigroup and the quantum s-detailed balance condition 
for s = 1/2. In this case we call T' the symmetric dual semigroup of T and call 
symmetric detailed balance condition the 1/2-detailed balance condition. 
By Proposition m the symmetric dual semigroup of T is defined by 



pV2r/(a)pi/^ = r.,(pV2„^i/2)^ 



(30) 



so that 

for all a G S(h). The name symmetric is then justified by the left-right symmetry 
of multiplication by p^/^ and p~^l'^ . Equation ([50]) ensures that any map 7^' is com- 
pletely positive, contrary to the case s = f Example [^5]). Therefore the symmetric 
dual semigroup T' is always a QMS with generator given by (Proposition [6]) 

pi/2/:'(a)pV2=£^(^i/2„^i/2), 

The relationship between dual semigroups T and T' is described by the follow- 
ing 
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Theorem 36 The 0-dual T and the symmetric dual T' of a QMS T coincide if 
and only if each map Tt commutes with a-i. 

Proof. liT — T', then T is a QMS; hence, by Theorem[8l T commutes with the 
modular automorphism a-i. 

On the other hand, we showed in the proof of Theorem [5] that the commutation 
between Tandcr_, imphes rt(a) = p~^l'^%t{p^/'^ap^/'^)p-~^l'^ for all a e S(h), t > 0, 
and then T = T' . (q.e.d.) 



We now establish the relationship between the generator £ of a QMS and the 
generator C of the symmetric dual semigroup. 

Theorem 37 For all special GKSL representation C{a) ~ G*a + J2k L^^aLk + aG 
of C there exists a special GKSL representation of C by means of operators G' , L'l^ 
such that: 

1. G'p^/"^ = p^/'^G* + for some c G M, 

2. L',p^/^ ^ p^'^Ll 

Proof. Since T' is a uniformly continuous QMS, its generator C admits a special 
GKSL representation, C'{a) ~ G'*a + L'^aL'^ + aG' . Moreover, by Proposition 
[15] we have G' p^'"^ = p^/'^G* + ic, c e M, and so the relation p'^/'^C'{a?ip^/'^ = 
ll^{p^l'^ap^l'^) implies 

El/2r'* Tl 1/2 r 1/2 l/2r* /Q1\ 

P ' aLkP ' = 2_^LkP ' ap ' L^. (31) 

k k 

Define 

X(x ® \,)L'p^^^u = {x(g) lk)(p^^^ «) lk)L*u 

for all X £ B{h) and u e h, where i : h ^ h k, Lu — J^k LkU® fk, i' : h ^ h (g) k', 
L'u — 'Ylk-^'k'^ ® f'k' {fk)k and {fl)k orthonormal basis of k and k' respectively. 
Thus, by (01]), 

{X{x (g, \,)L'p^''^u, X{y ® h,)L'p^^\) = ^(u, p''^L'^x*yL'^p^''^v) 

k 

= {{x (g) %,)L'p^/^u, [y (g) \,)L'p^'^v) 

for all x,y £ S(h) and u,v £ h, i.e. X preserves the scalar product. Therefore, 
since the set {(a; g) ly>)L'p^/'^u \ x e S(h), m G h} is total in h ® k' (for jO^/^(h) is 
dense in h and Theorem [13] holds) , we can extend X to an unitary operator from 
h (g) k' to h (g) k. As a consequence we have X*X — lh®k'- 

Moreover, since X{yg) %>) = {y g) Ik')^ fo'" all y G B{h), we can conclude that 
X = \ g)Y for some unitary map F : k' ^ k'. 

The definition of X implies then 

g, \)L* = XL'p^/^ = (Ih g) Y)L'p^/\ 
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This means that, by substituting L' by {\ ® Y)L', or more precisely L'f. by 
UkiL'i for all fc, we have 

Since iv{pL' k) = tr(pL*) = and, from £'(1) = (Proposition g]) , G'* + G" = 
L'lL'k, the properties of a special GKSL representation follow. (q.e.d.) 

Contrary to what happens in the case s = 0, the operators G, G' may not 
commute with p, as the following example shows. 

Example 38 Fix a faithful state p= {l+{2iy- l)cr3)/2 on AhiC) with v g]0, 1[, 
7^ 1/2 and consider the semigroup on M2(C) generated by 

£(a) = a] - i (i*La - 2L*aL + aL*L) 

with H = Vlai, L= (1 - 2iy)l + irai + sa2 + (T3 and f2, r, s G R, 7^ 0. Clearly £ 
is represented in a special GKSL form with respect to the faithful state p and H 
does not commute with p. 

We now show that p is an invariant state for the QMS generated by C for a 
special choice of the constants f2, r, s and so we find the desired example. 

A long but straightforward computation shows that, if we choose r, s satisfying 

2i. = (r-s)V(r2 + s2), (32) 

then we find C*{p) = ((— 4i/^ + Av + \)r + {2v — l)(s — 17)) (T2- It is now a simple 
exercise to show that for all fixed v and 7^ there exist r, s satisfying ([5^ and 

s = r^ + r (4i^2 _4j,_ 2^-) /(2iy- 1). (33) 

A little computation yields 

s — ^ — i L (34) 

2^v{\-vy 2^i/(l - J/) (1 ± 2^t/(l - I/)) 

(± are all + or all — ). With this choice of r and s the state p is invariant. 

The 0-detailed balance is stronger than the symmetric detailed balance (see 
also IS] Th. 6.6 p.296). 

Proposition 39 // T satisfies the 0-detailed balance, then it also fulfills the sym- 
metric detailed balance. Moreover, these conditions are equivalent if and only if the 
0-dual T is a QMS. 

Proof. Suppose that T is a QMS. As we showed in the proof of TheoremO 7t{a) = 
/9-i/27;^(^i/2q^i/2>)^-i/2_ rpj^gj^ ^ ^ ^, ^ consequence C = i.e. 

C — C = C — C , and both detailed balance conditions are equivalent. 
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On the other hand, if T satisfies the 0-detailed balance, then T is a QMS. 
Therefore T = T' and T also fulfills the symmetric detailed balance condition, 
(q.e.d.) 

We end this section by finding the relationships between the operators H, 
in a special GKSL representation of the generator of a QMS satisfying symmetric 
detailed balance. 

Theorem 40 A QMST satisfies the symmetric detailed balance condition C—C = 
2i[K, •] if and only if there exists a special GKSL representation of the generator C 
by means of operators H, Lk such that, letting 2G = — L'^L^ — 2iH , we have: 

1. Gp^l'^ = p^l'^G* - {2iK + ic) for some c € M, 

2. p^^^L^. = '^gUkeLep^^'^ , for all k, for some unitary matrix {uke)ke- 

Proof. Choose a special GKSL representation of £ by means of operators H, L^. 
Theorem [37] allows us to write the dual C in a special GKSL representation by 
means of operators H' , L'^^ with H' = {G'* - G')/[2i), 



Suppose first that T satisfies the symmetric detailed balance condition. Then 
C — i[K, •]=£' + i[K, ■] and K commutes with p by Lemma E51 Comparing the 
special GKSL representations of £ — i[K, ■] and C + i[K, •], by Theorem [5] and 
Remark [T^ we find 



for some unitary matrix {ukj)kj and some c G K. This, together with (|35p implies 
that conditions H]) and ^ hold. 

Conversely, notice that the dual C admits the special GKSL representation 



rii 1/2 i/2ri* t' 1/2 1/2?-* 

G p ' ^ p ' G , L^p I ^ p I Lf.. 



(35) 



G^iK = G' -iK^ic, L'^ = ^ ukjL. 



C'ia) = G'*a + "^L'*aL'^ + aG'. 



k 



Therefore, if conditions ([T]) and ^ are satisfied, by ([55)) . we have 



G'p'/^ ^p'^^G* = iG + 2iK)p'/^, 



so that G' = 



G + 2iK and then 



G'*a + aG' 





'k- 



k 
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It follows that C'{a) — C{a) — 2i [K, a] and the symmetric detailed balance condition 
holds. (q.e.d.) 



The Hamiltonian iJ in a special GKSL representation of the generator of a QMS 
satisfying the symmetric detailed balance condition does not need to commute with 
the invariant state p (as in the case of 0-detailed balance) as shows the following 

Example 41 Let £ be the generator described in Example [35] and let £' be its 
symmetric dual. The linear map K. = {C + C')/2 is clearly the generator of a QMS. 
Moreover, p is an invariant state for JC because it is an invariant state for C and 
C by Proposition 21 JC satisfies the symmetric detailed balance condition by its 
definition. 

The special GKSL representation of C by means of operators iJ, L as in Example 
l38l yields a special GSKL representation of C choosing L' = p^/^L*p^^^^ and 
H' = [G'* - G')/{2i) with G' = p^/^G*p-^/^ and 2G ^ -L*L - iH. Putting 

Ml = L/V2, A/2 = p^/^L*p-^/^/V2, 

F={G + G')/2, Fo = {F + F*)/2, K ^ {F* ~ F)/{2i) 

we have 2Fq = M^Mi + Af|M2 and a special GKSL representation of K. by means 
of operators if, Mj . 

We now check that K does not commute with p. To this end it suffices that K 
is not linearly independent of cfj for j = 1 or j = 2, namely tv{ajK) ^ 0. But 

2tY{ajK) = 23tr(CTji^) = 3tr(aj(G + G")) = 3tr((7jG) + '^tY{p-^'^(jjp^'^G*), 

where, defining r and s as in p4p with — signs and computing {2v — l)s + r = 
{2y - - 2^u{l - v)) we have 

{l-2vf + 1 + + (2v-l)VL 
G - '- 1 - inai + ^ , / n2 + {{2v - 1 - rs)a^. 

2 1 - 2yjv{l - 1^) 

Another straightforward computation yields 

2i^-l \ 1/, 2 1 2i^~l 



2V ^2 y K l-K-4(2^-l)2 



-0-3 



where k y 1 + 2-\/ — i') = + \/l — v and 

p-V2^^^1/2 ^ ^ _ ,(2v - 1)^2) . 

It follows that 2\.y[gxK) = -20. Therefore we find \.y(<jxK) ^ for aU v e]0, 1[ 
with 7^ 1/2 and ^ 0. 
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8 Case s G (0, 1/2) U (1/2, 1) 



We conclude the discussion on the s-dual semigroup by considering s E (0, 1/2) U 
(1/2, 1). In this framework, we show that T'*^ is a QMS if and only if the 0-dual 
semigroup is a QMS and, in this case, they coincide. Therefore, it is enough to 
study the case s — 0. 

Proposition 42 The following facts are equivalent: 

1. T(") IS a QMS; 

2. r(0) IS a QMS. 

Moreover, if the above conditions hold, then T^'*) — T^^^ . 

Proof. 1 => 2. Since r(^)' and % t are *-maps, by the second formula ^ and the 
same formula taking the adjoint we have 

p^Ttia)p'-^ =f,^'\p^ap'-n and p'-^%{a)p^ ^ f,^'\p'-^ap% 

Therefore, given a e fl , we get 

p^Tt{a)p'~^ = f}'\p'-\p^^~'ap''^npn = p'-^%{p'^'^ap'-'np' 

and then 

i.e. any Tt commutes with (J-i(2s-i)- 

This means that the contraction semigroup (Tt) defined on _L^(h) by 

commutes with A^^^" and then, by spectral calculus, it also commutes with p; it 
follows that Tt commutes with the modular automorphism a^i and so T'"' is a 
QMS by Theorem [i 

2 1. If T'"^ is a QMS, by Theorem [Ml there exists a privileged GKSL represen- 
tation of C by means of operators H and such that 

A(L,pV2) ^ ^ AiLlp'/') = pLlp-'/' = Xk'Llp'/'. 

It follows by spectral calculus that 

p^Lup-'^p^l^ = A«(Lfepi/2) = 

p'^Lip-'^p'" - A"(L*pi/2) ^ 
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for all a ^ 0. 

Therefore, since H and p commute, we have 

- \Y1 [p'^'LlUp'-'a - 2p^-'L,p'-^ap^Llp-^ + ap^LlL.p-^) 

k 

k 

for all a G a; since -i[H, a]-^J2k {K^ka - 2\-^LkaLl + aLlLk) ^&\a)hy 

Theorem [26] and fl is cr- weakly dense in S(h), the above equality means 

SO that T(^) is a QMS and it coincides with T(°). (q.e.d.) 
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